We present the phase diagram in a magnetic field of a 2D isotropic Heisenberg antiferromagnet on a triangular lattice. We consider spin-S model with nearest-neighbor (J1) and next-nearest-neighbor (J2) interactions. We focus on the range of 1/8 < J2/J1 < 1, where the ordered states are different from those in the model with only nearest neighbor exchange. A classical ground state in this range has four sublattices and is infinitely degenerate in any field. The actual order is then determined by quantum fluctuations via "order from disorder" phenomenon. We argue that the phase diagram is rich due to competition between competing four-sublattice quantum states which break either Z3 orientational symmetry or Z4 sublattice symmetry. At small and high fields, the ground state is a Z3-breaking canted stripe state, but at intermediate fields the ordered states break Z4 sublattice symmetry. The most noticeable of such states is "three up, one down" state in which spins in three sublattices are directed along the field and in one sublattice opposite to the field. Such a state breaks no continuous symmetry and has gapped excitations. As the consequence, magnetization has a plateau at exactly one half of the saturation value. We identify gapless states, which border the "three up, one down" state and discuss the transitions between these states and the canted stripe state.
Introduction
Recent experimental and theoretical advances renewed the interest in the physics of frustrated spin systems. In many of these systems the classical ground state is infinitely degenerate, and the actual ground state spin configuration is selected by quantum fluctuations (the "order from disorder" phenomenon). The resulting ground state is often rather unconventional and in several cases displays a non-monotonic behavior of magnetization in an applied field, with kinks, jumps, and plateaus [1] [2] [3] [4] [5] [6] [7] . The most known example of such behavior is in the case of a two-dimensional (2D) quantum antiferromagnet on a triangular lattice with nearestneighbor exchange J 1 [8, 9] . Classically, all spin configurations, which satisfy S r + S r+δ1 + S r+δ2 = hS/(3J 1 ) for each triad of neighboring spins, have the same ground state energy. Quantum fluctuations lift the degeneracy and select a set of three coplanar configurations, between which the systems transforms upon increasing field. The middle configuration, which exists at h around 1/3 of the saturation field h sat = 9J 1 (h scaled), is a collinear state with two spins up (U) and one spin down (D) in every elementary triangle (an UUD state). In such a state only a discrete Z 3 symmetry is broken (one spin in a triad is selected to be antiparallel to a field), and, as a result, all excitations are gapped and the magnetization has a plateau at exactly one-third of the saturation value [8] [9] [10] [11] [12] . This plateau has been observed in Cs 2 CuBr 4 [13] [14] [15] [16] [17] and in Ba 3 CoSb 2 O 9 [18] . An UUD state survives in a finite range of perturbations, like the spatial anisotropy of the exchange interaction [10] [11] [12] [19] [20] [21] [22] , multiple-spin ring exchange [23] , and the next nearest neighbor exchange [24] , as long as the perturbations are not strong enough to close the minimal excitation gap in the UUD state. What replaces the UUD state at larger perturbations has been the subject of intensive research over the last several years [10-12, 20-22, 25-28] In this communication we study spin-S Heisenberg antiferronmagnet on a triangular lattice with nearest (J 1 ) and second-nearest (J 2 ) exchange interaction. Previous studies have found that the UUD phase and other two three-sublattice coplanar ground states in a field are immune to J 2 up to J 2 /J 1 < 1/8. At larger J 2 , however, the set of classical ground states changes discontinuously from three-sublattice configurations to four sublattice ones, in which four spins on two neighboring triads satisfy S r + S r+δ1 + S r+δ2 + S r+δ3 = hS/(2(J 1 + J 2 )) (see Fig. 3(a) ). This condition does not uniquely spec- ify spin order, even at zero field. The selection of the order by quantum fluctuations at h = 0 has been analyzed by various means [29] [30] [31] [32] , and the consensus is that for 1/8 < J 2 /J 1 < 1 the winner is the stripe order with ferromagnetic alinement of spins along one of three principle axes on a triangular lattice and antiferromagnetic along the other two. The same order (the canted stripe state, see Fig. 2(a) ) is selected by quantum fluctuations near the saturation field, and semiclassical (large S) spinwave analysis shows [24] that this state remains stable at all fields. It would seem natural to conjecture that this state, with monotonic magnetization M (h), is the true quantum ground state for 1/8 < J 2 /J 1 < 1 in all fields. We argue that the phase diagram of J 1 − J 2 model in a field is actually rather complex, with multiple phases (see Fig. 1 ), and the stripe order is the ground state configuration only in some range of fields and of J 2 /J 1 . For other values of h and J 2 /J 1 the ground state configurations are the co-planar states, similar to those at small J 2 . In particular, around h = h sat /2, the ground state is the UUUD state, in which spins in three sublattices are aligned along the field and in the forth sublattice opposite to the field. This spin order breaks Z 4 sublattice symmetry, but doesn't break any continuous symmetry. As a result, spin-wave excitations are gapped, and the magnetization has a plateau at exactly 1/2 of the saturation value. We argue that the UUUD state exists for all J 2 in the interval 1/8 < J 2 /J 1 < 1, i.e., the magnetization plateau exists for all J 1 − J 2 systems, either at 1/3 of the saturation value, at J 2 /J 1 < 1/8, or at 1/2 of the saturation value, at 1/8 < J 2 /J 1 < 1. We also analyze the proximate states to the UUUD state. Above the upper critical field h u , the UUUD state becomes unstable towards a state in which three up-spins rotate in one direction from the direction of h, and the down-spin rotates in the opposite direction (see Fig. 2(b) ). Below the lower critical field h l , we found, at large S, a particular coplanar state, in which down-spin does not move, while three up-spins again rotate, but now one of these three spins splits from the other two (see Fig. 2(c) ). A non-coplanar, chiral umbrella state [23, 33] is close in energy and may be the ground state near h l at smaller S (see Fig. 4 ).
A cascade of field-induced magnetic transitions at fields below h sat /2 has been observed in 2H−AgNiO 2 [34, 35] . It has been argued [36] that in this material Ni
2+
ions are localized and form a S = 1 triangular lattice antiferromagnet with J 2 = 0.15J 1 , single-ion easy axis anisotropy D, weak ferromagnetic exchange between layers. And Classical Monte-Carlo calculations for this model have found [37] the region of UUUD phase, whose width at T = 0 scales with D. We show that in a quantum model the UUUD phase is stable in a finite range of h already at D = 0. We expect that future measurements of the magnetization in 2H−AgNiO 2 at higher fields will be able to detect the UUUD phase and also the cascade of phases above h sat /2. The analysis of the high-field phases will allow one to distinguish whether UUUD order is stabilized predominantly by quantum fluctuations or by single-ion anisotropy [38] Model and the high field phase diagram The J 1 −J 2 Heisenberg antiferromagnet on a triangular lattice is described by
where i, j and i, j run over all the nearest and next nearest neighbor bonds. Due to the global spin-rotational symmetry, the direction of h does not matter. We choose h = hê z , and consider the range of 1/8 < J 2 /J 1 < 1. The first indication that the stripe phase is not the only ground state in a field comes from the Ginzburg-Landau analysis of the order immediately below the saturation field. We said in the Introduction that this analysis yields the stripe order. This is true for all J 2 in the interval of interest, however, with one exception -J 2 = J 1 /3. To see why this J 2 is exceptional, we note that spin-wave excitations soften at h = h sat at three points in the Brillouin zone (M 1 , M 2 , M 3 in Fig. 3(b) ). To understand the order below h sat one then needs to introduce three condensates Φ 1 , Φ 2 , Φ 3 . The ground state energy in terms of Φ is:
where µ ∼ S(h sat − h). The type of spin order that minimizes E Φ depends on the interplay between the quartic coefficients Γ i . In the classical limit,
, any state from the manifold |Φ|
3 ≡ µ/Γ 1 is the ground state. Quantum fluctuations lift the degeneracy. To leading order in 1/S we found [24] , near J 2 = J 1 /3,
where β 1,2 > 0 are numbers of order one. The logarithm | log(h sat − h)| is present because of quadratic dispersion near M -points in Fig. 3 
A straightforward analysis then shows that only one Φ i is non-zero because it costs extra energy to develop simultaneously condensates from different valleys. The resulting order is the stripe state. A selection of Φ i breaks Z 3 symmetry, which for the stripe state can be understood as an orientational symmetry (spins align ferromagnetically along one of the three spatial directions). However, the prefactor for the logarithm in Γ 2 − Γ 1 in Eq. 3 is non-zero only when the dispersion is anisotropic, and it vanishes at J 2 = J 1 /3, when ω k becomes isotropic (α = 0). For this J 2 /J 1 , the sign of Γ 2 −Γ 1 is determined by regular 1/S terms, along with the sign of Γ 3 . We computed these terms and found Γ 2 − Γ 1 < 0, Γ 3 < 0. As a result, at J 2 /J 1 = 1/3, all three condensates emerge with equal amplitudes and relative phases 0 or π (because Γ 3 < 0). The four choices for (
In each of these states spins in three sublattices tilt to one direction from the field, and in one sublattice tilt to the opposite (see Fig. 1 ). We label such a stateV by analogy with the corresponding V state [39] at J 2 < J 1 /8 [9] [10] [11] [12] . TheV state breaks U (1) spin-rotational symmetry in the plane perpendicular to the field, and also breaks a Z 4 sublattice symmetry by selecting a sublattice in which spin direction is different from that in other three sublattices.
Immediately below h sat , theV state is stable in the infinitesimally small range around
As h decreases, the width grows and becomes O(1) at h sat − h = O(1). TheV and the stripe state break different discrete symmetries (Z 4 and Z 3 , respectively), hence the transition between the two states is likely first order. The increase of the width of theV state with decreasing field can be understood as a generic consequence of the fact that this state is favored by regular 1/S terms, i.e., by quantum fluctuations at short length scales, while the stripe phase is favored by | log(h sat − h)|, which comes from long-wavelength fluctuations. As the magnitude of the transverse order increases with decreasing field, long wavelength fluctuations are suppressed, andV state becomes more favorable.
Half-magnetization plateau As the field decreases towards h sat /2, theV state evolves: the spin in one sublattice continuously rotates away from the field direction towards the direction antiparallel to h. The spins in three other sublattices remain parallel to each other and first rotate away from the field, and then rotate back. Eventually, near h = h sat /2, spins in the three sublattices become parallel to h and spins in the fourth sublattice become antiparallel to h (see Fig. 2(b) ). Once this happens, the system enters into the new, UUUD phase. In this phase, U (1) symmetry is restored (there is no sublattice spin component transverse to the field), but Z 4 symmetry is still broken. To obtain the boundaries of the UUUD phase, we compute its excitation spectrum. For this, we introduce four sets of Holstein-Primakoff (H-P) bosons and do spin-wave calculations to order 1/S. In the classical, S → ∞ limit, the spin-wave excitations are stable only at h = h sat /2, where the spectrum consists of one gapped spin wave branch (in-phase precession of all spins around the field), and three gapless branches, with zero modes at Γ point of the four-sublattice Brillouin zone (see Fig. 3(b) ). Quantum 1/S correction to spectrum, however, make it stable in a finite range of h around h sat /2. Namely, all spin-wave branches become gapped (and positive) in a range h l < h < h u , where h l = h sat /2 − δ 1 and h u = h sat /2 + δ 2 . We show the details of the calculations in the Supplementary Material (SM) and present the results for δ 1 and δ 2 in Table I . We found, somewhat unexpected, that the stability width of the UUUD phase is finite for all J 2 in the interval 1/8 < J 2 /J 1 < 1. We further computed the ground state energy of the UUUD phase to order 1/S (classical energy plus 1/S corrections from zero point fluctuations), and compared with that of the stripe phase. We found that for all J 2 the energy of the UUUD state is lower. Because of this and because the UUUD state naturally emerges from theV state, we argue that the UUUD state is the true ground state near h = h sat /2 for all 1/8 < J 2 /J 1 < 1. As all excitations in the UUUD state are gapped, this state has magnetization fixed at exactly 1/2 of the saturation value.
We also verified that at the upper critical field of the UUUD state, it becomes unstable towardsV state. Namely, at h = h u one of the spin-wave branches condenses, and the condensate leads to S x = a for spins on three up-spin sublattices, and −3a for the spins on the down-spin sublattice. This result in turn implies that theV state, which started at a point J 2 = J 1 /3 at h = h sat , extends over the whole range of J 2 near h sat /2 (see Fig. 1 ). At the lower boundary of the UUUD phase, two other spin-wave modes become unstable at the Γ point. To determine the the spin order below h l , we again perform Landau Free energy analysis in terms of the corresponding two complex order parameters ∆ 1 and ∆ 2 . We present the details in the SM. The Free energy has the form [40, 41] :
e. different ordered states are degenerate. Quantum fluctuations lift the degeneracy, and the result depends on the sign of K. If K > 0, ∆ 1 = ± i∆ 2 . It can be checked that this gives rise to a non-coplanar umbrella state, in which the down-spin remains intact, and three up-spins split out and form a cone. Such a state breaks U (1) × Z 4 × Z 2 symmetry. If K < 0, the relative phase between ∆ 1 and ∆ 2 is either 0 or π, and the order is coplanar (see Fig. 4 ).
We computed K to accuracy 1/S. The details of calculations are presented in SM, and here we quote the result: K is the sum of logarithmical, | log(h l − h)|/S, log S/S, and non-logarithmical, O(1/S) terms, much like Eq. 3. The logarithmical term yields K < 0, however the prefactor for the logarithm vanishes at J 2 = J 1 /3, and at this value of J 2 non-logarithmical terms become relevant. . 4 . Evolution of the magnetic order below the UUUD state, depending on sign of the K term in Eq. 4.
Near J 2 = J 1 /3, we have
Where the | log(h l − h)|/S term is a contribution from spin wave modes which go as k 2 at h = h l , and log S/S term comes from another spin wave mode that softens at h = h u = h l + O(1/S). In distinction to the situation near h sat , here we found that K remains negative, even for J 2 /J 1 = 1/3. This implies that the state below h l is a co-planar state. An umbrella state is not ruled out, however, for smaller S as we computed β K in Eq. 30 at S 1. To determine the structure of the coplanar state below h l more work is actually required because for K < 0, the Free energy to order
2 , i.e., the degeneracy is not fully lifted. To select the order, one has to compute O(∆ 6 ) terms in the Free energy. We found (see SM for detail) that sixth-order terms select the order in which of the three up-spins two are tilting in one direction and another in the opposite direction, while the down spin remains intact (see Fig. 4 ). This state breaks U (1) × Z 4 × Z 3 symmetry. It can potentially transform gradually into the stripe state, which breaks U (1) × Z 3 , if the down spin begins rotating at higher deviations from h l and match the spin from up-triad, which is separated from the other two. Or, the transition can be first order. Either way, at small fields, the order becomes a stripe. A more complex phase diagram at low fields is expected in the presence of a single-ion anisotropy [34, 42] .
Conclusions In this work we analyzed the phase diagram of a Heisenberg antiferromagnet on a triangular lattice, with nearest and second nearest neighbor interactions (J 1 − J 2 model), in a magnetic field. We focused on the case 1/8 < J 1 /J 2 < 1, when semiclassical description involves four sublattice representation. We argued that the phase diagram is quite rich and contains several phases, besides the stripe state, which breaks Z 3 orientational symmetry and has been detected at h = 0 and near a saturation field. The most substantial result of our study is the identification of the UUUD phase, in which spins in the three sublattices are directed along the field, and spins in the fourth sublattice are directed opposite to the field. Such a state breaks a discrete Z 4 sublattice symmetry, but no orientational and continuous symmetry. As a result, all excitations in the UUUD phase are gapped, and the magnetization is fixed at exactly 1/2 of the saturation value. We demonstrated that this phase is stable in a finite range of fields near h sat /2 and is likely the true ground state of the model at all J 2 from the interval 1/8 < J 1 /J 2 < 1. We identified gapless planar states around the UUUD phase. The one at higher fields is theV state. It breaks U (1) × Z 4 symmetry. The one at lower fields breaks U (1) × Z 4 × Z 3 symmetry. A close competitor to this last state is a non-coplanar umbrella state. Such a state may potentially develop at a smaller S. We call for magnetization measurements in quasi-2D triangular-lattice antiferromagnets with J 2 > J 1 /8, best matetials with S = 1/2, as they normally have no single-ion anisotropy, but also S = 1 materials, like 2H−AgNiO 2 [34, 35] , to verify the existence of the plateau at a half of the saturation value of magnetization and quantum phases above this field.
SUPPLEMENTARY MATERIAL
In the Supplementary Material we present technical details of calculations, which we reported in the Manuscript. We focus on the analysis of the half-magnetization plateau state (UUUD). Calculations right below the saturation field have been presented in our earlier work [24] .
In the formulas below, N is defined as the number of sites in a given sublattice, i.e. N = Ntot n subl . For example, for the four sublattice states, n subl = 4, and N = 1 4 N tot .
A: Low energy spectrum of the UUUD state
The excitation spectrum of the UUUD state can be straightforwardly obtained by using a four-sublattice representation for three spin-up and one spin-down sublattices and introducing four sets of Holstein-Primakoff (H-P) bosons a, b, c for the spin-up sublattices and d for the spin-down sublattice. The linear spin wave Hamiltonian reads:
where
are the structure factors due to the exchange interactions between sublattices. They take the form of ξ
2 ) are the nearest and next-nearest neighbor bonds respectively in unit of the lattice constant. To obtain the classical spin wave spectrum, i.e. to diagonalize the classical quadratic Hamiltonian of Eq. 6, we write H (2) in the matrix form as:
To preserve the commutation relation of bosons, the canonical transformation
† , where g = diag (1, 1, 1, −1) [43] . As a result, T k that diagonalizes the Hamiltonian satisfies T −1
, where Λ k = diag (ωã ,k , ωb ,k , ωc ,k , ωd ,k ). ω k are the spin-wave spectrum, and
T are canonical eigenmodes. Diagonalizing the linear spin wave Hamiltonian yields three gapless and one gapped spin wave branches. The latter one, with gap h sat /2, describes the in phase precession of UUUD state around the magnetic field. All three quadratic dispersing gapless modes soften at k = 0, i.e. Γ point of the four-sublattice Brillouin zone. In the following, we focus on the spectrum at Γ point, and analyze the stability of the UUUD state and its proximate states. H (2) k at the Γ point can be diagonalized through a global rotation of basis,
where {e k , f k , φ † k } are the low energy modes. The spectrum at Γ reads,
which indicates that classically only at h = 4h 0 = h sat /2, the spectrum of all spin-wave branches is non-negative and the UUUD state is among the generate ground state manifold. To see if quantum fluctuations stabilize the UUUD state in a range of field near h sat /2, corrections to the spectrum at 1/S order should be calculated. As there is no 3-boson interactions for a collinear state in the isotropic Heisenberg model, the 1/S corrections to the spectrum only come from the 4-boson interactions through the 1/S Hartree-type self-energy. The 4-boson interaction term of the UUUD state reads:
N is the total number of sites. For brevity, we denote ξ 1 ≡ ξ k1 , d 1 ≡ d k1 , and so forth. Note that ξ k = ξ −k . The set of {a α , a β , a γ } runs over all cyclic permutations of {a, b, c} as {a, b, c}, {c, a, b}, {b, c, a}. The corrections to quadratic terms from H (4) can be obtained by contracting two magnons, i.e. calculating magnon densities such as a † α a β 0,k , ξa † α a β 0,k . The subscript of ... 0,k labels the quantities averaged over, e.g. 0 labels averaging over the quadratic Hamiltonian, k averages over the crystal momentum in the sublattice Brillouin zone. The density averages can be obtained by the eigenvectors (columns of matrix T ). For example,
44 k , and so forth. g = T gT
† has been applied to simplify the above expressions. As the matrix T k is a regular function of k, the self-energy should also be regular near Γ. Thus it is enough to calculate the Hartree terms at Γ, where classical spin-wave modes soften. Expressing them in terms of the canonical eigenmodes {e 0 , f 0 , φ † 0 }, we have
where δ 1 , δ 2 are linear combinations of the averages. They sets the boundary of the UUUD state by requiring all the three modes are gapped at Γ, i.e. h − 4h 0 + δ 1 > 0, 4h 0 − h + δ 2 > 0. From h > 4h 0 − δ 1 , we define the lower critical field as h l = 4h 0 − δ 1 , below which {e, f } modes soften. From h < 4h 0 + δ 2 , we obtain the upper critical field above which φ mode softens. The numerical values of δ 1 , δ 2 at different J 2 /J 1 are listed in Table I . As δ 1 , δ 2 are positive for all J 2 /J 1 in the range 1/8 < J 2 /J 1 < 1, the UUUD state is stable in this full range of J 2 /J 1 . The pattern of transverse magnetic order above h u and below h l can be identified straightforwardly from Eq. 8. Above h u , the φ mode develops condensate. From Eq. 8,
Due to the rotation symmetry along the field, φ 0 = | φ 0 |e iϕ , ϕ ∈ (0, 2π). We relate the spin order with the magnon condensate through the H-P transformation, i.e.
Thus the transverse spin order has three up-spins point to one direction and the down-spin point to the opposite direction, which matches the spin order of theV state near h sat /2. Fixing the phase of the condensate ϕ specifies the plane of theV state and breaks U (1) rotation symmetry around the field.
The pattern of the transverse magnetic order below h l is more complex due to the degeneracy of the zero modes {e 0 , f 0 } at h l . And the order can be non-coplanar if the relative phase between condensates ∆ 1 ≡ e 0 and ∆ 2 ≡ f 0 is non-zero mod π. In particular, if ∆ 2 = ± i∆ 1 , the transverse orders associated with ∆ 1 and ∆ 2 takes a relative angle ±π/2, thus the transverse order of |∆ 1 |±i|∆ 2 | form a equilateral triangle as shown in Fig. 5(a) and (b) , where ± interchanges b, c sublattice labels. And the total magnetic order (transverse plus longitudinal) has non-zero chirality, i.e. an umbrella state.
B: Symmetry constraint on the Landau free energy
We show details of obtaining the form of the Landau free energy in powers of magnon condensates ∆ below h l , the lower critical field at which the UUUD state becomes unstable. As explained at the end of Sec. A, the order below h l should be described by a two-component order parameter, two degenerate The Landau free energy of ∆ should respect a C 3v symmetry, i.e. threefold rotation around the center of a triangle formed by three nearest neighbor up-spins (C 3 ) and three reflections in the symmetry lines of the equilateral triangle (σ v ). Upon lowering the field, the only classical ground state configuration that respect the C 3v symmetry is umbrella state, which breaks Z 2 chiral symmetry. The transverse magnetic order of spin α (α = a, b, c) can be expressed as ∆ + e iQ·Rα or ∆ − e −iQ·Rα , where ∆ ± denotes the spiral order of different chirality, R a = (0, 0),
2 ). {e iQ·Rα , e −iQ·Rα } forms the basis of the Γ 3 irreducible representation of C 3v symmetry group. Thus a generic order parameter in Γ 3 representation is:
}. {v 1 , v 2 } forms another basis of the Γ 3 representation, and it is defined in such a way that ∆ 1 , ∆ 2 is the same as defined in previously ∆ 1 ≡ e 0 and ∆ 2 ≡ f 0 up to exchanging the sublattice labels a, c. ∆ ± and ∆ 1,2 are related as
The Landau free energy at order ∆ 2n ± can be obtained by finding all channels that contribute to (Γ 3 ⊗ Γ 3 ) n → I.
At quadratic order (n = 1), the only term is
2 , there are three channels contributing to identity. From
Combining all three contributions, the quartic term takes the form of Eq. 4, which can break the Z 2 (σ v ) chiral symmetry and select ∆ + or ∆ − , but cannot break Z 3 (C 3 ) symmetry.
We show that Z 3 symmetry can be spontaneously broken by the six-order term. From the channel ( It turns out that for a system with certain trigonal or hexagonal symmetry, i.e. C 6v , D 6h , etc., the Landau free energy of a two-component order parameter takes the same form [40, 41] . Technically, it's because the multiplication table [44] for the two-dimensional irreducible representation of these symmetry groups are the same.
C: Calculation of quartic coefficient K Below h l , both e and f magnon potentially softens. We split the magnon operators e k and f k into condensate and non-condensate as
or in terms of {a k , b k , c k } as
From (), the ground state energy density in powers of magnon condensates up to quartic order is:
As explained in the manuscript, the condensates manifold that minimized the energy depends on the sign of K. In the following, we show how the sign of K is obtained up to order 1/S.
For convenience, Eq. 10 can be expressed as
−k }, depending on the basis of canonical modes in the context. V i,j,l,k is chosen such that double counting has been avoided.
The classical value for K is obtained by expressing all magnon operators by the condensates ∆ 1 , ∆ 2 following Eq. 15 or Eq. 16. We find K (0) ≡ 1 2 V f f ee (0, 0, 0, 0) = 0. We now calculate K (1) from quantum corrections at order 1/S. Only the sign of K is significant, which generally doesn't change across the critical field h l below which the quadratic term becomes negative. We calculate the 4-boson interaction at order 1/S at h l . There are two sources of quantum corrections, one from the normal ordering of the Holstein-Primakoff bosons, another from quantum fluctuations at second order perturbation.
To obtain K at order | log(h l − h)|/S, it is enough to use the 4-boson interaction in terms of e, f near k = 0.
it can be checked that the magnetic order selected by the sixth-order term has of the three up-spins two are tilting in one direction and another in the opposite direction, while the down spin remains intact (see Fig. 4 ). We also checked that condensates up to ∆ 3 order doesn't couple to the d-magnon linearly, suggesting that down-spin remains pointing down below h sat /2. If it is the case at even higher deviations from h l , the transition from the coplanar state to the canted stripe state has to be first order, which is also consistent with the kink in the energy vs. h plot (Fig. 7(b) ).
